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LATERAL SLOSHING IN OBLATE SPHEROIDAL TANKS UNDER REDUCED-

AND NORMAL-GRAVITY CONDITIONS 

by Thom A. Coney and Jack A. Salzman 

Lewis Research Center 

SUMMARY 

An experiment was conducted to measure the natural lateral sloshing frequency of 
liquids in oblate spheroidal tanks. The eccentricities of the tanks used were 0, 0.68, 
and 0.8. The liquids chosen exhibited 0' static contact angles on the container walls. 
Tests  were conducted under both reduced- and normal-gravity conditions. Resulting 
Bond numbers ranged from 5 to 927. The data were compared with low and high Bond 
number theory and with the resul ts  of previous studies. 

INTRODUCTION 

With the development and use of high-energy liquid propellant space vehicles, there  
has grown an increased need to understand the general behavior of liquid-vapor systems 
in reduced- and normal-gravity environments. As a result ,  both theoretical and experi­
mental analyses of this behavior have been undertaken. In one facet of this research,  
specific attention has been given to the dependence of the liquid-vapor interface shape 
and i t s  sloshing characterist ics on such system parameters  as liquid properties, tank 
s i ze  and shape, and gravity level (ref. 1). Early studies were concerned primarily with 
spherical  and cylindrical tank geometries. However, more  recently, attention has been 
directed toward more complex geometries such as toroids and spheroids. Reduced-
gravity studies of liquid behavior in oblate spheroidal tanks (refs. 2 and 3) have shown 
that the interface shape in these tanks varies markedly as a function of system param­
eters. (An oblate spheroid is formed by the rotation of an ellipse about its minor axis.) 
Attention is now focused on the reduced-gravity sloshing characterist ics in these oblate 
spheroidal tanks. 

Concus, Crane, and Satterlee (ref. 2) performed a theoretical analysis of small  
amplitude lateral sloshing for  low Bond numbers in oblate spheroidal tanks for liquids 
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exhibiting contact angles of 5'. This analysis showed that for oblate spheroidal tanks 
the  natural frequency w a s  a function of the defined Bond number, tank eccentricity, and 
filling. (The Bond number is defined using the tank semimajor  axis as the character is­
tic length.) Calculations were  made for  fillings ranging from 12.5 to 87.5 percent, for  
Bond numbers ranging from 0 to 100 and for  tank eccentricities of 0, 0.5, 0.68, and 
0.80. Rattayya (ref. 4) analyzed sloshing in spheroids for those cases  where capillary 
forces  a r e  negligible and the liquid-vapor interface is flat (i.e., high Bond number sys­
tems) .  References 2 and 4 thus provide analytical predictions which bracket the ex­
t r emes  of the Bond number regimes at varied fillings and tank eccentricities. 

Normal-gravity experimental studies of sloshing in oblate spheroids have provided I 

data for  discrete portions of the Bond number range. References 5 and 6 considered 
only the high Bond number region, where the interface w a s  essentially flat, while ref­
erence 7 investigated a range of Bond numbers f rom 55 to 172. 

This report presents experimental data showing the variation of natural frequency 
with Bond number, tank shape, and filling for  liquids in spheroids and compares these 
data to low and high Bond number theory (refs. 2 and 4). The experimental investigation 
reported here  was conducted under both reduced- and normal-gravity conditions. The 
reduced-gravity data were obtained in a 5-second zero-gravity facility. Data were ob­
tained for Bond numbers f rom 5 to 927, eccentricities f rom 0 to 0.8, and fillings f rom 
25 to 87.5 percent. The data f rom this investigation and those published in reference 7 
were  compared with the theories of references 2 and 4. 

SYMBOLS 

a system acceleration, cm/sec 2 

c)


axbB Bond number, -
P 

e eccentricity, (1 - y 2/x2) v2 
2 g acceleration due to gravity, 981 cm/sec 

T1/2 av half period average, s ec  

X semimajor axis (see fig. 4), cm 

Y semiminor axis (see fig. 4), cm 

P specific surface tension, surface tension/density, cm 3/sec 2 

51 natural frequency parameter ,  wA;-+-y2
w natural frequency (lateral slosh), rad/sec 
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APPARATUS AND PROCEDURE 

The reduced-gravity data presented in this report were obtained in the Lewis Zero 
Gravity Facility (fig. 1) by allowing the spheroidal tanks, contained in a n  experiment 
vehicle (fig. 2), to free fall the 142-meter depth of the vacuum chamber. Five seconds 
of free-fall time were realized in this manner. Evacuation of the chamber to a p res su re  
of 13.3 newtons per square meter  ( 1 . 3 ~ 1 0 - ~atm) reduced system acceleration due t o  air 
drag to  less than g. The experiment was recovered in a cart filled with small  pel­
lets of expanded polystyrene. Average deceleration during recovery was 32 g's. 

The experiment vehicle was a self-contained unit providing all the functions neces­
s a r y  for  the experiment. The sloshing motion of the liquid-vapor interface was produced 
by a mechanical slide s imilar  to  that shown in figure 3. The sudden movement of the 
slide platform over a distance of less than 0.5 centimeter disturbed the interface suffi­
ciently to produce the desired motion. The resulting motion was recorded by a high-
speed (400 frame/sec) motion picture camera. Included in the field of view of the cam­
era w a s  a digital clock accurate to 0.01 second. A cold gas thrust system (fig. 2) pro-

2vide; accelerations other than zero gravity. Accelerations used ranged from 1.89x10­
to 3. 20X10-2 g. A more detailed discussion of the facility and the experiment vehicle 
can be found in reference 8. 

Normal-Gravity Tests  

The normal-gravity data were obtained using the apparatus shown in figure 3. This 
apparatus consisted of a slide platform on which the spheroidal tanks were placed, a digi­
tal clock accurate to 0.01 second, and a dc motor which imparted motion to the plat­
form. The desired lateral  sloshing of the liquid in the spheroidal tanks was produced as 
described previously by moving the platform a short distance with a single pulse from 
the dc motor. Again, a high-speed camera was used to record the liquid motion. 

Test  Containers and Liquids 

Test containers were oblate spheroids formed from clear acrylic plastic. Values of 
eccentricity e of these spheroidal tanks were 0, 0.68, and 0.8. Three tank sizes were 
used with semimajor axzs of 2, 3, and 4 centimeters. Carbon tetrachloride, ethanol, 
FC-78, and Freon-TF were used as test liquids. Surface tensions, densities, and vis­
cosities for these liquids are presented in table I. Low-viscosity liquids were used to  
minimize damping and dynamic contact angle effects on the natural frequency. The 
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carbon tetrachloride and ethanol were analytic reagent grade; the fluorocarbons were  
precision cleaning grade. All liquids exhibited 0' static contact angles on the spheroid 
walls. A small  amount of dye was  added to the liquids to improve the quality of the pho­
tography. The dye had no measurable effect on the pertinent liquid properties. 

To ensure that the liquid and tank wall properties were  not affected by contaminants, 
the spheroidal tanks were cleaned and filled in a c lass  10 000 clean room. The tanks 
were cleaned ultrasonically in a detergent-water solution, rinsed with water and meth­
anol, and dried in a warm air dryer .  Pr ior  to each test, the tanks were rinsed with the 
test  liquid, filled, and sealed. 

RESULTS AND DISCUSSION 

A s  mentioned previously, this report presents experimental data showing the vari­
ation of natural frequency with Bond number, tank shape, and filling for liquids in sphe­
roids and compares these data to low and high Bond number theory (refs. 2 and 4). By 
appropriate use of tank size,  liquid properties, and acceleration level, Bond numbers 
ranging from 5 to 927 were obtained providing data extending from the low Bond number 
region well into the high Bond number region. 

Data Reduction 

The natural frequency can be expressed in the dimensionless form (ref. 2) 

where w is the natural frequency (lateral slosh) of the liquid in radians per second, x is 
the tank semimajor axis,  p is the specific surface tension, and a is the system accel­
eration. 

The natural frequency w w a s  determined by measuring and plotting the displacement 
of the liquid-vapor interface as a function of time. A film analyzer was used to facilitate 
this measurement. Because of refraction, especially for the high-eccentricity tanks, 
the behavior of the interface at and near the tank wall  could not be considered. Instead, 
measurements were made on that portion of the interface that w a s  most nearly flat 
(fig. 4), where displacements normal to the interface were most easily observed. Fig­
ure  5 is a plot showing interface oscillations for a normal-gravity test. The two sinus­
oidal curves represent the normal displacement of points on the interface equidistant 
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f rom the tank centerline. The natural frequency was calculated from these plots by de­
termining the half-period arithmetic average; that is, 

The normal-gravity t e s t s  provided a large number of half-period samples (e.g., fig. 5); 
however, time limitations restricted the low-gravity data to only one o r  two slosh oscil­
lations per  test. Because of the longer half-period t imes  involved, these low-gravity 
measurements could be made with increased accuracies. Since damping was  small ,  this 
measured frequency w a s  assumed to be the natural frequency. 

In all cases ,  the frequency measurement w a s  made for the fundamental lateral  slosh­
ing mode. The lateral impulse to the tank usually excited higher modes of oscillation o r  
surface perturbations; however, these damped away quickly. Figure 6 shows the funda­
mental mode for  representative Bond numbers ranging from 5 to 927 at a filling of 25 
percent and an eccentricity of 0.8. A s  would be expected for data encompassing both 
the high and low Bond number regions, the interface shape varied from flat to highly 
curved. Figure 7 shows the mode shape dependence on eccentricity for a filling of 25 
percent and a Bond number of 10. 

Comparison of Experimental and Theoretical Results 

The data obtained in this experiment for both the reduced- and normal-gravity cases  
a r e  presented in tables I1 and 111, respectively, and in figures 8 to 10. For  comparison 
with these data, curves representing the low and high Bond number theories a r e  included 
in these figures. Before discussing the results,  it is important to note certain limita­
tions associated with these two theories. ‘The theoretical solutions to both the low and 
high Bond number problems were obtained numerically. Consequently, closed-form so­
lutions a r e  not available, and only those particular eccentricities and fillings presented 
in references 2 and 4 can be considered. Reference 2 gives discrete data points for 
specific Bond numbers, eccentricities, and fillings but gives no data for  Bond numbers 
greater  than 100. Reference 4 gives data only for eccentricities of 0 and 0.86 rather  
than 0 and 0.8. 

The comparisons presented in figures 8 to 10 clearly show the dependence of the 
natural sloshing frequency on Bond number, tank eccentricity, and filling. For  example, 
the information in these figures shows that the greatest percentage change in natural  f re ­
quency for a change in eccentricity results for the low Bond number, low-filling cases; 
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the greatest percentage change for  a change in filling results fo r  the low Bond ~ J L I I I J ~ C I . ,  

high-eccentricity cases. 
Figures 8 to  10 show the good agreement between the experimental data and theory. 

In the Bond number region below 30, the low Bond number theory of reference 2 applies 
very well. In the region above B = 500, the high Bond number theory of reference 4 
applies very well. However, in the region between B = 30 and 500, the theory (high o r  
low) that is applicable is dependent on the particular tank eccentricity and filling being 
used. That is, the transition point between the designated "high" and "low" Bond num­
ber regions varies with tank eccentricity and filling. (This is shown more clearly in f 
figs. 11 and 12, which include data from ref. 7.) F o r  example, for  an eccentricity of 
0.8 and a filling of 75 percent, the transition point is around B = 400, and fo r  a n  eccen- I 

tr icity of 0 and a filling of 25 percent, this point is around B = 70. 
This variation with eccentricity and filling of the transition point between the high 

and low Bond number regions is related to the curvature of the liquid-vapor interface 
shape. High Bond number theory is formulated assuming a flat interface with a 90' con­
tact  angle, while low Bond number theory assumes a number of curved interface shapes 
at near 0' contact angles. Consequently, it is reasonable to expect those combinations 
of Bond number, tank eccentricity, and filling which result in flat interfaces to satisfy 
high Bond number theory and those combinations which result in curved interfaces to sa t ­
isfy low Bond number theory. This is illustrated in figure 13. Figure 13(a) shows the 
liquid-vapor interface shape for a filling of 75 percent with a Bond number of 927 and a 
filling of 25 percent with a Bond number of 139. (The eccentricity is 0.8 for  all data 
shown in fig. 13.) The interface for  both cases  is flat and, as expected, their  natural 
frequency is predicted by high Bond number theory. Figure 13(b) shows the interface 
shape for  a filling of 75 percent and a Bond number of 139 and for a filling of 25 percent 
and a Bond number of 30. Even though the Bond number value of 139 appeared previously 
in the high Bond number region with a flat interface, neither liquid-vapor interface shown 
in figure 13(b) is flat. (The primary curvature in the B = 139 case in fig. 13(b) occurs 
near the tank wall.) The natural frequency in both cases  is predicted by low Bond num­
ber  theory. Thus, it is tank eccentricity and filling as well as Bond number that deter­
mine the regions of applicability of either the high o r  low Bond number theories. 

SUMMARY O F  RESULTS 

An experimental investigation was conducted to measure the natural frequency of 
lateral sloshing in oblate spheroids. The semimajor axes of the spheroids used were 
2, 3, and 4 centimeters with eccentricities of 0, 0.68, and 0.3. Bond numbers based 
on the tank semimajor axis ranged from 5 to 927. Tank fillings ranged from 25 to 
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87.5 percent. Test liquids were restricted to those which possessed near 0’ static con­
tact angles on the spheroid surfaces. The viscosities of these liquids ranged from 0.70 
to 1.20 centipoise; consequently, viscous effects such as dynamic variations in contact 
angles were negligible. The surface tensions ranged from 13.2 to  26.9 dynes per  centi­
meter  (13. 2X10m5to 2 6 . 9 ~ 1 0 - ~N/cm), and the densities ranged from 0.79 to 1.73 grams 
per  cubic centimeter. Experiments were conducted in both reduced- and normal-gravity 
environments. The study yielded the following results: 

1. The greatest percentage change in natural frequency fo r  a chnage in eccentricity 
resul ts  when the Bond number and filling are low. The greatest  percentage change f o r  a 
change in filling results when the Bond number is low and the eccentricity is high. 

2. The measured natural frequency compared well with that predicted by Concus, 
Crane, and Satterlee and Rattayya. 

3. The transition point between the regions where high o r  low Bond number theory is 
applicable is a function of Bond number, tank eccentricity, and filling. 

Lewis Research Center, 
National Aeronautics and Space Administration, 

Cleveland, Ohio, December 3, 1970, 
124-08. 
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TABLE I. - SUMMARY O F  LIQUID PROPERTIES 

Liquid Surface tension, Density, Viscosity, 
(at 20' C )  dynes/cm g/cm C P  

N/cm) 

:arbon 
tetrachloride 26.9 1.59 0.97 

3thanol 22.3 .79 1.20 

?C-78a 13.2 1.73 .82  

?reon-TFb 18.6 1. 58 .70 

aA fluorocarbon solvent obtained f rom Minnesota Mining 
and Manufacturing Co. 

bTrichlorotrifluoroethane obtained f rom E. I. Dupont de 
Nemours and Co. 

TABLE JI. - SUMMARY O F  LOW-GRAVITY DATA 

Liquid Semimajor  Eccentricity,  System Bond Fillin; Measured 
ax i s ,  e acceleration, number,  percer natural  
x, a ,  B 

cm cm/sec  2 
frequency 

w, 
rad /sec  

~ 

Carbon 
tetrachloride 4 0.68 31.4 30 25 2 .88  

75 3. 38 

2 0 .8  20.6 5 25 1.75 

Ethanol 3 0 . 8  31.4 10 25 2.00 
~ 

0 31.4 10 	 25 3.49 
75 3.98 

~ 

FC-78 3 0.a 25.5 30 	 25 2.24 
50 2.62 
75 3.17 

t 0 25. 5 30 25 3.36 
50 3.61 

i 75  3.70 

2 0.68 18.6 10 50 3.17 
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TABLE 111. - SUMMARY O F  NORMAL-GRAVLTY DATA 

Ecceiitricity 
e 

0 . 8  

_ ­

0 .68  

__ 

0 . 8  

0 .68  
_ _  .­

0 . 8  

0 .68  

- -~ 

0 . 8  
. 8  
. 6 8  

0 

..- . -_ _  _ _  
Filling Me:tsim 
perceii c1at 11 L‘: 

frequei 
W. 

rad s(  
- -~ . 

2 5  2 4 . 8  
50 17.4 
‘75 20.6 
8 7 . 5  23.3 

- .  - .. 

2 5  15. 8 

50 1 8 . 2  
7 5  2 1 . 1  
87.5 24 .0  

___ 
2 5  20.3 
50 23.1 
75  26 .9  
87 .5  28. 8 
-~.­
87 .5  30.8 

2 5  20.9 
50 2 4 . 0  
‘I 5 2 9 . 1  
87 .5  32 .4  

- ­
2 5  2 2 . 1  
50 25. j 

75 2 9 . 9  
87.5 33.2 

_ _ ­

75 2 8 . 3  
87. 5 30 .8  
87. 5 32 .1  
50 	 2‘1. 3 

- - _ _  
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Figure 1. - Zeroq rav i t y  research facility. 
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Experiment section -\ rBacklighting 
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I Power and con-

Thrust systeni- >'~,,,, \ trol systems 

n. 


C-68-4002 

Figure 2. - Experiment vehicle for low-gravity tests, 

r Digital clock 

C-67-4076 

Figure 3. - Apparatus for normal-gravity tests. 
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Equilibrium ' Sloshing 
interface interface 

Interface displacement measurements 
made at points such as p1 and p;! 

Figure 4. -Test geometry. 
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Figure 5. - Sample data plot of lateral slosh. Bond number, 514. 
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Bond number 927 514 


Bond number 139 M 

Bond number 10 5 


Figure 6. - Fundamental slosh mode at various Bond numbers. Filling, 25 percent; eccentricity, 0.8. 
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Eccentricity, 0 Eccentricity, 0.8 

Figure 7. - Comparison of mode shapes for eccentricities of 0 and 0.8. Fi l l ing. 25 percent; Bond number, 10. 
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Figure 8. - Natural frequency parameter as function of Bond number. Filling, 25 percent. 
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Figure 9. - Natural frequency parameter as funct ion of Bond number. 
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Figure 11. - Comparison of published slosh data. Filling, 25 percent. 
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Figure 12. - Comparison of published slosh data. Filling, 75 percent. 
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